
AD 4057 871 SYRACUSE 1141V N Y  F~G 9~2
BAYESIAN SOFTWARE PREDICTION MODELS. VOU$C II. CLASSICAL AND S CY CCU)
JUL 78 K 04(UMOTO. A L eCEL F30602—76—C—0fl7

UNC LASS I F I FD TR —7S—2 RADC—TR 78 155—V0L 2 NL

1 I

EN D
DME

FILM(O

0-78
Dec



I .0 ~
_

______________ 
I— !~. 11111 .‘ .‘

H I .~ 
L~

• 1 8

I .25 III~ ‘



r

- ~2:’ [~E~~7
RADC -TR-78- 155, Volisne II (of five) 

—

• Final Technical Report ______
JU~J 1978

BAYESIAN SOFTWARE PREDICTION MODELS
Classical and Bayesian Inference for the Sof tware
I~ ierfect Debugging Model

• I. Okzaoto

~~
Aerit L. C~~l

Syracuse University

Hc~
)

1 w

Approv ed for public release; distri bution unl laited .

A

D D C ’ ’
ffj~ f~~~~fl2
~ 

AUG 28 1978

~U~~~~u u i ~
ROME AIR DEVELOPMENT CENTER B
Air Forc Syisems Commend
Griffiss Air ~orcs Boa. P~ w York 13441

78 08 22 061
—a-- a — --—-- .— .— --•- — aS• - — -—

I I~] T1:TT~~._iT T:T



~~~- _-

/ ‘~

mis report has bean reviewed by the RADC Inforuation Office (ox) and is
releasabl e to the !(ational Technical Infornation Service (NTIS) . At NTIS it
will, be relsasabis to the general public, including foreign nations.

RADC—TR-78-155, Volues II (of five) has base revimmd and is approved
for public ation.

APPEOV
~~~~~~Q1~j 1_j~~~~~~~~

ALAN N. suwT
Project Engineer

APflOV~ 1: .. >
c C ~4 z ’~,.~~ 

eJa(.4.4.%.d,Ø(~~_..
ALAN R. BARNUM
Assistan t Chief
Inforuation Sciences Division

FOR THE Cc~~IMIDER: 

~~~~ J~~~
.

grJOHN P. BUSS
Acting Chief , Plans Office

I)
If your address has changed or if you wish to be reanved f row the RADC
eili ng li st, or if the address.. is no longer .~~ioy.d by your organization,

please notify R ADC (ISIS) CrL f fiss APE NT 13441. This will assist us in
asintaining a current waili ng list .

Do not return this copy . Rata in or destroy .

—



— - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . . - - ;~. ~~
°-

_

SECURITY CLASSI FICAT ION OF ?HI S PAGE (M..ei Oat. £nt.~.d)

~~~ r ~~1~~~ IUA ~j~~’~~yj ~~~j ~~ READ INSTR UCT I ONSf  I~ rU I L’V’... VM !~ I ~~~I I~~fl~ a’U BEFORE COMPLETING FORM
t~ - I . R~~~qRT NUM BER 

- 
2. GOVT ACC ESSION NO 1~~k~ CIP I E Nr ’ S C A T A L O G  NUMBER

“— ‘ RAIX~-TR—78—155, Vol II (of f ive)
/~ _~~ .. a-a.a~~ ~~~~~~— -— I~~~~I I JU*  flUfIflT U ~~‘~~ 1 EDI / )AT~~ IAN .$OFTWARE PREDICTION MODELS.\J~ ic ~ .~~~~~

. ] Final /echnical )~ej~~~t - I
tlassical and Bayesian Inference for the $of tware Dec 75 — Mar 78~

Jj 
Imperfect Debugging Model 1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~ No. 

N~~~ B~~R ~~

1 AUTNOR(.) 
- 

•- CONTRACT OR GRA NT NUMBER(a)( ic- K./Okumoto 1 
I~~ J F3ø~p~-16-.c-,ø,ø47

Aárlt L./ coel j See reverse 7 ____________ 

-

I. ~~~~~~~~~~~~~~~ ~,. .... .~~ATION NAM E AND ADDRESS 10. PROGRAM ELEMENT . PROJ ECT . T A S K
AREA & WORK UNIT ~IW~BE

University /~ ~~~ O2F

I I -  CONTROLLING OFFICE NAME AND ADDRESS . • PnRT

,‘17 Jul~~~~ 78 I
Rome Air Development Center (ISIS) ( I I  

~ L~~~~~--B I f l a &’PAGES

Griff iss  AFB NY 13441 38
IA. MONITORING AGENCY NAME a ADDRE SS(If dlfi.r .mt f,om ConfteUln~ Olfic.) IS- SECURITY CLASS. (of this r~por~f ,

Same UNCLASSIFIED (
IS., DEC LASS IF ICA T IO G~~A O I NG L.SCHEDULE / -

________________________________________________ N/A
‘B. DISTRIBUTION STATEM ENT (of hf. R.port) i:~ :~Approved for public release; distribution unlimited . ç - ’4-j~flflflf~U AUG 23 1978

• 17, DISTRIBUTION STATEMENT (of A. ab.t,acl inlan d In Block 20. If dfff.,.n t from R.pofl) 
~

_

~

_fl

~~~~~ru ti i~Same 
B

I~ . SUPPLEMENTARY NOTES

RADC Project Engineer: Alan N. Sukert (ISIS)

t
~~

. KEY WORDS (COntInu. on, tin.,.. .id. If n.e.... ,) mid Id.ntlfy by block numb.,)
Imperfect Debugging Confidence Regions
Statistical Inference Asymptotic Properties
Maximum Likelihood
Bayesian Inference .

LO A B STRACT (Cofltlnu. an, rio., .. aId. If n.c...aty ~ id ld.ntlfy by block numb.,)

~ This report presents two methods for statistical inference of the parameters
of the Imperfect debugging model proposed by Cod and Okumoto. Using the
method of maximum likelihood, the mle’s, the likelihood contours and the
confidence regions for N, p and A are obtained . A Bayesian approach is
presented to obtain the Bayesian point estimates and the H.P.D. regions.
Numerical examples based on simulated data are used for illustrative purposes.~~

Volume V will be published at a later date.

DD 1 j A N 72 1473 EDITION OF 1 NOV &S IS OBSOLETE UNCLASSIFIED
SECURITY CLASSIF ICAT ION OF THIS P A GE  (W?..fl bat . En,t.,.d) / /

-
~~ -~(~~/ 

-
I / —-- ‘ A



~~~~~~~~~~~~~~~~~ r-~~~~-- ~~~~~~~ -

UNc~~ssIrI~~
SECURITY CLAU IPICA?ION OF TIlIl PASI(I~~mi O~~. 1..,. ~~

Block 7.

‘Research Assistant , Dspartasnt of Industrial En$ine.ring ~
Operations Research Syracus e University.

2Profsssor, D partasnt of Industrial Engineering a Operations
Research , and School of Cosputer and Information Sct.nc., Syracue.
University.

I n & ~ cTrTR1-~
SECU RITY CI. ASIIFICAYION OF THIS PAGt (~~ m. Don . Inlin E)

A



— . ~
.- ~~~~~~~~~~~~~ T.~~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-~~ -~ r~ °’— ~~~

TABLE OF CONTENTS

I. • INT RODUCT ION . . .

2. MAX I MUM LI KE LIHOO D METHOD . • . •   •   4

2.1 Likelihood Function and MLE’ s • 4
2.2 Likelihood Contours 8

2.3 Conf~~aenc. Regions  •     • • .  9

2.4 Asymptoti c Propertie s 10

2.5 Illustra tive Example 11

3. BAYE STAN INFERENCE . . . • . • . .    • 18

3.1 Prior Distributions . .      .  18

3.2 Joint Posterior Distribution          .  19

3 .3 H .P.D. Regions . . • . . . . •    20

3.4 Numerical Example.  . . .  • •  .  21

4. CONCLUDING REMARXS • • •  *  .  30

S • REFE RENCES . . . . • .   • •  •   • .  31

APPEND IX A .         .  32

- 

_ _

live .~~~

- I

— -

~~ j&~r . •~u1 cM!
~~~~.



-~~~~ -.
- - - - ..~~~:~~~~‘:- —,-.- ..--.-—..

LIST OF FIGURES

Figure Page

2.1 Likelihood Contours for p and A when N—N • • . . . . 14

2.2 Likelihood Contours for N and A when p—~3 . . • . . . 15

2 .3  Likelihood Contours for N and p when A — A  . . . . . . 16

2.4  Relationship Between the Confidence Coefficient and
the Constant p . . . . • • . . . . . . . • . • . . 17

3.1 90% Bayesian H .P .D .  Reg ion for N , p and A for the
data in Table 2. 1. . . • 23

3.2 Bayesian H.P .D .  Regions with N—N Based on Non—
informative Prior Distributions. . . . . . . . • . • 24

3.3 Bayesian H.P.D. Regions with p—ji Based on Non—
informative Prior Distributions. .  25

3.4 Bayesian H.P.D. Regions with A— A Based on Non—
informative Prior Distributions. . • . • . . . • . . 26

3.5 Posterior Distribution of Parameter N when p—p and
x — x .  • . . • . • 27

3.6 Po~terior Distribution of Parameter p when N—N andA— A . . . . . . . . . . • . . . . . . . . 2e
3.7 Posterior Distribution of Parameter A when N—N and

p_p . . . . . . • . . . . . • . . . • 29

A .l Flow Chart of Data Simulation for Imperfect
Debugging Model . . . . • . . . . . . .33—34

ii



__________________________ - ~~~ 
~~~~~~~~~~~~~~~~~~ -~~~~~~ -~~~~ —- -~~~~~~~~~~ -~~~~~-- ~~~~~~~~~~~~~~~~~~~~~

LIST OF TABLES

Table Page

2.1 Data Simulated From Imperfect Debugging Model . . . . 12

iii



_~~~~~~!~T~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

EVALU ATION 
-

The necessity for more com plex sof twa re systems in such areas as
command and control and avionics has led to the desire for better
methods for predicting software errors to insure that software
produced is of higher quality and of lower cost. This desire has been
expressed in numerous industry and Government sponsored conferences ,
as well as in documents such as the Joint Commanders ’ Software
Reliability Working (‘.roup Report (Nov 1975). As a result , numerous
effor ts have been initiated to develop and validate mathematical
sodels for predicting such quantities as the number of remaining
errors in a software packni~e, the time to achieve a desired
reliability level , and a measure of the software reliability. However ,
early efforts have not produced models with the desired , accuracy of
prediction and with the necessary confidence limits for general mode l
usage.

This effort was initiated in response to this need for developing
better and mo re accurate software error prediction models and fits
int o the goals of KADC TPO No. 5, Software Cost Reduction (formerly
RAPC TPO No. 11 , Softwa re Sciences Technology), in the subthrust of
Software Quality (Software flodeling). This report summarizes the
development of classical and Bayesian estimates for parameters of a
model for predicting quantities such as the expected numbe r of
remaining errors , achieved reliability, and t ime to detect and correct
a specified numbe r of errors that assumes a softwa re error is not
correc ted at .i given t ime with probability 1 (i.e. imperfect
debugging). The importance of this Jevelopment is that it represents
the first attempt to develop software error prediction models that
incorporate imperfect debugging , and thus more closely reflect the
actua l softwa re error detection and correction process.

The theory and equations developed under this effort will lead to much
needed predictive measures for use by software managers in more
accurately t racking software development projects in terms of test
time needed to achieve given reliability and error objectives. In
add ition , the associated confidence limits and other related
statistical quantities developed unde r this effort will insure more
widespread use of these modeling techni ques. Finally, the predictive
measures and equations developed unde r this effort will be applicable
to current Air Force software development projects and thus help to
produce the high quality, low cost software needed for today ’s
systems.

OJ2a.J’2LL~~ALAN N. SIJKERT
Projec t ~ngineer
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1. INTRODUCTION

In this report we present two methods for statistical infer—

I ence of the parameters of the imperfect debugg ing model proposed

by Goel and Okumoto (2]. The first one is the classical approach

based on maximum likelihood estimation and the second is a Bayesian

approach based on the prior distributions of the unknown parameters .

The parameters under consideration are the initial number of soft—

ware errors , N , the error occurrence rate for each error X , and

the probabil ity of perfect debugg ing p - The probabil i ty of

imperfect debugging is q where q 1—p .

The model in (2] is based on the assumption that the time

between software errors follows an exponential distribution with

parameter it where i is the number of remaining errors. Also ,

the error removal time is taken to be negligible. By letting X(t)

denote the number of errors remaining at time t • the stochastic

behavior of X(t) is analyzed as a semi—Markov process and the one

step transition probability from state i to state j is given by

Q1j(t) P
~~

.F1(t) . (1.1)

where

F1(t) — l_ e i)
~
t (1.2)

and the transition probabilities • i.j’ — O,l•2,...,N are given

by

~if

-
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0 1 2 - i— l i .. . 14—2 N— i N

O 1 0 0  0 0 ... 0 0 0

1 p q 0  — 0 0 0

2 O p  — 0 0 0
I I I

\ \ I I I
I I I

P~~ (P~~ J i— i p q (1.3)

i P q
I I

I 
..- 

~
.
,.. I I

I -.s-i 0 0 — — — p  q 0

N 0 0  0 p q

Substitutina (1.2) and (1.3k in ( 1.1) y i e ld s

0 1 2 ... N—2 N—i N

0 1 0 0 0 0 0

1 pF 1Ct )  qF 1(t )  0 0 0 0
I I I

2 0 pF1(t )  qF2 ( t )
— (1.4

J . 
I ~~. ~~%. I I

• I -
~~ 

I-
~~~ I I

I I

N-i 0 0 pF5 1 (t) qF5_1 (t ) 0

N 0 0 0 pF5(t) qF5(t)

From the basic model (1.4), express ions for the following

quantit ies have been derived in [2 ) .

Distribution of time to a completely debugged system.

Distribution of time to a specified number of remaining errors.

Distribution of number of remaining errors.

Expected number of errors detected by time t

2 
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Also , the r e l i a bi l i t y  f u n c t i o n  at the kth s tage , i.e. between the

(k—i)at and kth failures , is obtair~ -~ as

p~ (x) - ~~~(k~l)p
k_i_ 1qi~~~~~~~~~1)(x) (1.5)

j—O

where -

F5 (x)  = l— F 5(x) — ~~~~~~ (1.6)

In the following sections we will use these results for

statistical inference about N, p and .

3 
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2. MAX IMIflI LIKELIHOOD METHOD

In this section we use the method of max imum likelihood to

draw inferences about N, p and ~. based on available data (t,~~) 
N

for software errors. Here, ‘- is the vector of times between soft-

ware failures while ~ is a vector of y1 s where

1 • if the ith failure is caused by an error due to

= imperfect debugging,

0 , otherwise

It should be noted that we make use of the data (t,1) because the

process X(t) the number of remaining errors at time t, is

unobservable. Also, such data can be available from actual software

error reports.

2.1 Likelihood Function and MLE’s

As pointed Out above, the state of X(t) cannot be observed.

However, we note that the sequence of error corrections forms a

sequence of Bernoulli trials. Suppose that (i-l) failures have

been observed and the ith failure has not occurred yet. Then the

number of errors eliminated up to now is distributed as a binomial

distribution with parameters (i-l,p) and its expectation is p (i—l).

Also, the expected number of errors occurred due to imperfect

debugging is q (i—l). Since the initial number of errors is N

the expected number of errors remaining in the software at

this stage is given by N - p C i - i ) .

4
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Therefore , the distribution of the time between (i—1)st ~nd ith

failures is given by

—(N—p( i—1)) x
f ( t i IN ,p , \ )  — (N—p(i— 1)J ~ e , i— 1 ,2,...,n (2.1)

where n is the number of observed sof tware  f a i lu res .

Then the likelihood funct ion for a given t is

n
L.1(N,p .XIt) — Ti f(t~~IN.p .Xi . ( 2 . 2 )

i—I.

The next ( i th ) error wi l l  occur randomly from the r em aininq

(N—p ( i — l ) J  errors and hence the probabil i ty of th i s  error  being dun t o

the imperfect debugging category is q ( i — l ) / [ N — p ( i - l )  . Therefor e,

the d ist ribut ion  of

Yj 1 Y~
P ( Y~~y~~IN .P) — 

l N—p (i—l)~ ~
1rii~i • i l , 2 , . . . , n ( . ‘ . 3 )

whore

— 0 or 1

Then, the likelihood function for given ~ is

n
L2 (N,pt~~) — II P(Y1=Y~ IN.P) . (2 . 4)

i—i

-
. Due to the independence of t and ~~~~, the l ikelihood f u n c t i o n  of

N , p . )~ can be wr i t t en  as

L (N,p,)jt,Z) — L1
(N,p .XIt).L 2

( N , p , X I ~~) . ( 2 . ’~)

Now we choose ~~~, ~ and ~ which maximize (2.’~) .  M a x i m l z i n . t

L ( N , p , )jt ,~~) implies max imiz ing  the log l ikelihood f u n c t i o n .  I.et

S

-

~

— ~
_ - - - _ _ __ _ .~~~_-
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4 (N , p. ~ ‘&.~~
) — lo~ T.CN . ~~~, \ I t  y )

ft ft
— n to~j \ — \ ~ (N— ~’ (i—t~ ~t 4 ~~

‘ tOt] ~ (~~— l )
i—I 1—1

ft
4 ~ 

(l
~
y 1 
) loj~ N— ( 1 — 1) . (.1 .t~

I— ’

Th.t~ I~t .  antt \ must  sat I.s(y

— t’~

— I)

0%

U t — y
l t - - 

~~
— ‘

~i~ ~,

1 — 1

U
t~ ~ ( i — l I t  — 

~
- \• i’’,l

i — I  ‘ 4 — 1

ft

U — (N—t’~~
%
~— % ) Tt . (.‘. 1 1:11

1—1

B (mutt an.ous non— It ~~~ et~uat tt ’t % l ’  ( .‘. H )  , ( .
~ 
. ~) ) and ( .

~ • 
I 0) ‘,m

aotv.d by numet tca I met l~otts .in d~’so~ ‘~ ‘ t  t~ ’ low . ~~~ OIU .~ . I ~ w~’ ~i~~’

n
— n / ~ ( N — p ~~i — l ~ t 1 . 

( .~. l i t

4 — ’

luba t h u t  i~~ j  .‘ . l I t  into (.~.B) and (1 .’)), we j e t

ft

I • ~ ~~
‘ tU ‘— I t~~If (M ,p) — ~ N t %

~
j_
fl ~~~~~~~~~~ —— — 0 ,  (.

~
. L.~t

(“I  
~~

- ( N — ~’ ( t — t )  I t 1i — I

6

-~~~~~-1 -~~~-~~
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and
n

q n z  (i—l)t1 n

~ (N ,p )  = 
~~~ 

— —  ~z y1 = 0. (2.13)

z (N—p (i—i)Jt.
i=l 3.

We now apply the Newton-RaphsOn method [4] for solving the two

simultaneous non—linear equations (2.12) and (2.13). Thus, for

given initial values N0 and p
0 

of N and p the values of the

first approximations are

~ l = N0+h (2.14)

p1 = p
0 

+ k  (2.15)

where

= —• f f (.6)
14, 0 p, 0 N O  p, 0

k = — 
N, 0~~0 N,0 0 (2.17)

-~

f(N0,p0)

(2.18 )
‘ 

~ N=N0,p=p0

and fp,0 - 
~~ N N 0 , p p

0

• ~~~~~~~~ 
and CPp O  are similarly defined.

The values of N and p are successively modif jet until

equations (2 .12) and (2.13) are satisfied to a defined accuracy ;

such values being the estimates t~, ~ . Fina l ly ,  we get

~ by s u b s t i t u t i n g  1~ and ~

7
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into (2.11). These are the maximum likelihood estimates (MLE ’s)

of N, p and x for given data t and i.

2.2 Likelihood Contours

The log likelihood surface for the param.t- ~rs N. p and ~
is given by (2.6) as

n
£ (N,p,xIt ,~~) = n 1og~~ —~~ E (N—p (i—l )Jt1i= 1

n
+ E y~~lo g q ( i_ l ) +  Z (1~ y~~) log(N~~(i~~1)J

i~~l i=l

For given t and ~ • this defines a 4—dimensional surface

as a function of N, p and ). . The maximum value of this log

likelihood is obtained when N~~&, p= ,~ and ).=~~ i.e.

emax E 2 = L ( ~~,~~. J t , X)  . (2.19)

In order to study the nature of this surface, we proceed as follows.

Let

£(N , p , X I t ,M) = ~~~~~~~~~~~~~~~ , (2.20)

where p ~ 1 is some constant.

We will investigate the nature of this surface by f ixing

and ~ , one at—a—time and varying the other two parameters . •

Suppose we fix N — ~1 . Then, from (2.6) we have

ft n
f(p,~~) s n logX— X E (N— ~ (i—l)Jt~ + E y~~logq(i—l) — C , (2.21)

i—i i_I

8
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)
where

A
— 
I 

• 

C — p £ (N,p , )It ,~~) — Z ( l—y~~) log (~~— ( i — 1 ) J  . ( 2 . 2 2 )
i—i

By fixing p and hence C • equation (2 .21)  g ives one contour

in the (p— )~. ) plane . To draw these contours for each value of p

we choose several values of p and solve (2.21) numerically for the

correspond ing values of X .  These pairs ( p . X )  give the desired

contour.

Similarly, contour s in the ( N—X ) and (N—p ) planes can be

obtained by fixing p = ~ and X = X , respectively.

2.3 Confidence Regions

In many instances interest lies in studying the joint

l0O(l—~)% confidence region for the parameters. For this purpose

we use the property that for large n the likelihood ratio has a

x2- distribution. In our case,

£(L~
,,~~It,X) —L(N ,p ,XIt,1) = ~~~~ (2.23)

defines a 100 ( l—a)% confidence region for N , p and ~
Joint confidence reg ions for (p,~~) ,  (N ,p )  and (L x )  can be

obtained from (2.23) by using a numerical method similar to that

of Section 2.2.

Now, by writing

L ( N , p , ) t t ,X) = p ~~~~~~~~~~~~ , p ~~1 ,

we get

9
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)
— ~~~~~~~~~~~~~~~~~ . (2.24)

Equation (2.24 ) can be used to study th. relationship between o

and the confidence coefficient (1—a).

2.4 Asymptotic Properties

For large sample size the mie ’s are normally distributed i.e.

(
~~) N(( ).

E~ 0~) 
as n-.•. (2.25)

The variance—covariance matrix is given by

—l

/ rNN r14~

£ ‘ r r r (2 26Coy 
~ 

p14 pp px
r~14 ~~~ rxx

where

r
C,b — — a,b— N ,p, x . (2.27)

For the model under consideration, we have

ft
r — E l/(N— (i—1))(N—p(i—l)) (2.28)
1414

- r14~~~~r~~~— O  (2.29) 
3

— rxN — 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(2.30)

ft
A E (i...l)/(N—p(i—1)) if q~~Oq i—~

— (2.31)

if q— O .

10~
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r — r — — —  t (i—1)/(N—p(i—l)) (2 .32)px xp

— n/x2 . (2.33)

2.5 illustrative Examp le

We use a numerical example to illustrate the computations of

isle’s, likelihood contours, etc. based on the expressions derived

in Sections 2.1—2.4. Since data from actual software projects is

not available in the desired format, we use simulated data for

this purpose. A total of 45 (t~ .y1) values were simulated for N— SO

p— 0.9 and x=0.l and are given in ‘Fable 2.1. Details of the

simulation are given in Appendix A.

For this data set, we solve equations (2.12) and (2.13) by

applying the Newton-Raphson method with initial values

46 and p0 — 1.0.

After six (6) iterations, the solution of (2.12) and (2.13), with an

accuracy of 10 3,is

— 51.3 and ~ = 0.919.

4 Substituting these values in (2.11), we get 3=0.085 . For these

isle’s the maximum value of the log—likelihood function is given by

(2.19) as

‘4max u 2 — —16

Now we get the likelihood contours for ~— l . l , 1.3 and 1.5.

First we fix N— &— Sl.3 . Solving equation (2.21) for various p .

1].

~~~~~~~~~~~~~~~~ ~~~~~~ - - ,-
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TAB LE 2 • 1 DATA S IMULATED FROM IMPERFECT DEBUGGING MODEL

(N— SO, p— O .9. x—0.l)

I t(I) y(I) 
- 

I t(i) y(I)

1 0.296 0 24 0.127 0

2 0.156 0 25 0.034 0

3 0.239 0 26 0.013 0

4 0.174 0 27 0.444 0

5 0.204 0 28 1.690 0

6 0.182 0 29 0.037 0

7 0.323 0 30 0.034 0

8 0.174 0 31 0.142 0

9 0.365 0 32 0.287 0

10 0.074 0 33 0.568 0

11 0.087 0 34 1.310 0

12 0.230 0 35 1.668 1

13 0.520 0 36 0.754 1

14 0.084 0 37 1.451 0

15 0.380 0 38 0.038 1

16 0.114 0 39 0.499 1

17 0.396 0 40 0.372 0

18 0.256 0 41 0.058 0

19 0.200 0 42 0.529 0

20 0.072 0 43 0.359 0

21 1.253 0 44 1.020 0

22 0.518 0 45 2.083 0

23 0.904 0

12
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the contours are obtained as shown in Fi gure _ . l .  Contours with

p = j  and ~~~~~~ An the ( N — x )  and (N—p) planes , respectively, are

obtained similarly. these are shown in Figures 2.2 and 2.3,

respectively.

Now we use equation (2. 24) t-~~ study the relationship between

the confidence coefficient (l- .i) ~ind the constant •~ . For given L

and various values , the co.~ i ci.~nt~ (l— ~ ) are obtained from the

table such that (2 .24 )  is st~ . s t i t~~1. Ibu ~~, for our example we have

—

and for p = 1.1 , the value of (I—a ) t~~un the x table is 0.638.

Similarly for ~— 1.3, l—~ - .02. and tot ~— I. 5, l—Q= .O1 . Plots of

confidence level vs ~ for ~ —10,— 12 ,— 1 4,—16,—18 and —20 are given

in Figure 2.4. Confidence levels corresponding to the value of p

are also shown on the contours in Figures 2.1, 2.2 and 2.3.

Finally, the asymptotic distribution of (N,p, .) is given by

(2.25).

The estimated variance—cov~iriance matrix for the simulated

data is

35.5 —0.0122 —0.0128

—0 .0122 2.25 x lO~~ 6.08 x

—0.0128 6.08 x 1O~~ 6.41 * lO~~

and the estimated correlation coefficients are

p 14P = —0.15

= — 0 . 5 6

~ NX =

13

L~~~~~__________________________________________________________ -~~~ - - - 
- -
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3. BAYESIAN INFERENCE

• In this section we use a Bayes ian approach for obta in ing

posterior point estimates and the highest posterior density (HPD)

region for par~ neters N , p and A

3.1 Prior Distributions

The choice of the prior distribution for a parameter is

governed by sever~al factors. Among these are the range of values

the parameters can take, the nature of the prior distribution based

on historical data , and case of analytical t ractability. In our

case , the conjugate priors (see [11 ) for N and x are gamma dis-

tributions while the conjugate prior for p is a beta distribution,

i.e..

P ( N ) a N a l  e~~~ , N > O  (3 .1)

P ( p ) a p~~~
1( l — p ) ~

’ 1  
, 0<p~ l 

(3.2)

P(\) a A~~~
1 e~~

’ 
, x >O . (3.3)

For the case when we know very little about the parameters

i.e., for .the case of prior ignorance we choose Q ’ =~~~= 0 , ~~=~~~= 0

and i v — p = O . 5  as proposed by Jeffreys (see [1]) and we have

p(N) ~ ~/N (3.4)

p(p)  a p 2(l-p)~~~
”2 (3.5)

p(A)a 1/A . 
- 

( 3 . 6 )

These are called the non-informative prior distributions.

We also assume the independence of prior  in fo rmat ion  about

N ,~~ and A , i.e.

p(N,p, \ )  = p(N)p(p )p(A) . (3.7)
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3.2 Joint Posterior Distribution

By applying Bayes theorem we obtain the joint  posterior dis-

tribution of N, p and A for given priors and the data i.e.

p(N,p,A~ t,~~)xp(N ,p,A )L (N,p, A~ t,y~) (3.8)

where the likelihood function L(N,p,.A I t,~~) for given t and ~

is given by equation (2.5) .

‘~et ~~~, ~ i and ~ be the Bayesian point estimates for N , p

and A , respectively. That is, the point (N ,~~,)~) is the mode of

the joint posterior distribution p (N,p, A I t ,1). In other words,

p(N,p,A I t,~~) attains its maximum at ~~~~~~~~ Therefore , N , ~ and

A must satisfy

log p(N ,p, X~ t,~~) — 0 (3.9)

.
~j 

log p(N,p,A I t ,1) — 0 (3.10)

.h log p (N ,p, X~ t,1) 0 (3.11)

where

n
log p (N,p, AIt,1) oc, n log A— E (N—p(i—1) }t~i—I.

n n
+ t y~log(1—p) + E ( l—y~ )log(N— (i—l))

i—l i—l

+ (~-l)1og N -

+ (p—1 )log A —

+ (ii—1)log p + ( p — 1 ) l o g ( 1 — p )  . (3.12)

19
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Then we get

— 

~ i—i 
t~~+ 

~~~ 

~ 
~~~~~~ 0 (3.13 )

. r (i—l)t~~—~~y~/(l—p) + ~~~~~~~~ • 0 (3.14)
i—i

n/A — 
~~ L N—p(i—1 ))t~~+ 

_
~~

- — -
‘ — o

i— I.

Simultaneous n o n — l i n e a r  equat ions (~~. l 1 ) ,  ( 3 . 14) and ( 3 . 15) ca n be

solved by numerical method s discussed in Sc’ct i~~n 2.1.

3 . 3  H.P.D.  Regions

It  is useful to ol~t a in the Rayestan confilence rc’qic’n or H.P.~~.

req ion which ~i i ye ~ t he pi-ob~t 1~ i I t y con t on of .1 con t out tot- the o n t

posterior di s t t i b u t t o n , p ( N ,p,  ~~~~~~~~~~~~~~~~~~ As an ~pptoximat.ton , we may

use the tact that lot lar~w samples p( N ,p,\ lt ,~
) tend s to norma lity

H; (see Box and Tiao (1)). Therefot e,

p(N ,p, \ I t  ,~~l
— 2 l o’i - - - 

~ 
. (3.16)

p (t~,p, ~It ,~~• )

It follows that th. contour do! m e d  l~y

log p (N,p, ‘ It ,1) b a  p ( N ,~~, ‘~ ~~~~~~ — ( ~~. 1 ~)

enclose s a region whose probabiiU.y content is approx i mately (1- -~~~

Then the l00 (1-~ )t fl.P.I). region is nven by

(N,p, ~) — ( ~~. l~~)

where

20
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f(N,p ,)) — n iog A, — E (N—P (i—1))t~isl

n n
+ E y~~log(l—p)+ E (l—y~ )1og(N— (i—1))

i—i i—i

+ (c ,— l)1O9N—BN

+ (~i—1 )1ogX— ’Y).

+ (rt—l)logp+ (p—l)log(1—p) (3.19)

and

C — f(L~ .~~) —~~x~~~ (3 .20 )

Tho contour defined by (1.18) c~in ho nv~1u~tot~ hv nttmeric.~t1 method s

as discussed in Section 2.1.

3.4 Numerical Example

To illustrate the computations for the various quantities

given in Sections 3.]., 3.2 and 3.3 we use the simulated data of

Table 2.1. Using the non-informative priors given in equations

(3.4), (3.5) and (3.6), the Bayesian point estimates of N, p, A

ar e obtained by solving equations (3.13), (3.14) and (3.15) and are

* — 51 .43

— 0.927

A — 0.0836
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The Bayesian H.P.D. region for N, p and A for this data

set is obtained from equation (3.18). Taking ~ — .10, the 90%

H.P.D. region is shown in Figure 3.1.

The 50%, 75% and 90% Bayes ian reg ions for p and A when

N — N are given in Figure 3.2. Similar regions for N and A

(p~~) and for N and p (A—i) are given in Figures 3.3 and 3.4,

respectively.

It is also useful to study the shapes of the posterior dis-

tributions of parameters N, p and A • These are obtained by

fixing the other two parameters at their Bayesian point estimates.

Plots of such distributions are given in Figures 3.5, 3.6 and 3.7

for N, p and A , respectively.
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Figure 3.2 Bayesian H.P.D. Regions with N—N Based
on Non-informative Prior Distributions
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4. CONCLUDING REMARKS

In this report we presented two methods for statistical infer-

ence of the parame ters N , p and A for the imperfect debugging

model, Using the method of maximum likelihood , expressions were

derived for the mie’s, the likelihood contours and the confidence

regions. A Bayesian approach was used to obtain the Bayesian poin t

•stimates of N, p and A . Bayesian H.P.D. regions for these

parameters were also studied . Numerical examples based on sim-

ulated data were used to illustrate these results.
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APPE NDIX A

SIMULATION OF DATA (t,1)

In this Appendix we describe the procedure used for s i m u l a t i n g

the data on times between software failures and the categories of

errors. Recall that  t1 denotes the t ime between the ( i -1) s t  and

ith software failures. Also , assum ing tha t a software erçor can

be identified as being the one due to imperfect debugging , whenever

it occurs, we have

1 , if i th f a i l u r e  is caused by the error due to

y1 
= imperfec t debugging

C o  , otherwise

Therefore, t
1 and y are the data needed for statistical infer-

ence of parameters N,  p and \ in the imperfect debugging model.

A flow chart for simulating these data is given in Figure A.l .

First we initialize the parameters N , A , p, I (software failure

number), NR (number of remaining errors) and E l (number of errors

due to imperfect debugging. Then a random number RN which is

uniformly distributed over (0,1) is generated . Now , from equa tion

(2.1), the random variable T1 has an exponen tial distribu tion

with parameter NR•X ; i.e.

— N R • ) . t .
FT

(t
i
) = 1 — e (A.].)

I. 
_ _ _
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In i t i a l  izat  ion

• Pa rameters ( N , p , A )
5/w f a i l u r e  number I .- 0

No. of remaining errors NR ’- N
• No. of errors due to imperfect debugging El ~- 0

Increase No. 01 fai lu res  by one
I ~~ 1+1

_ _

[ienerate random number (R~TJ
‘I,

Generate time to 1th f a i l u r e

t ( I )  = — ~~~~~~~~~~~~~ log (1—RN )

I 
—

f Generate RN]

1~ncrease No. of errors

RN ~~ q Y°=

I EI~~~ EI 4- l

Reduce No. of remain ing  errors by on~1
NR 4 - N R - 1  I

____________________________________________________________________ ____ ____ ____ _____
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2

Generate RN

•Detect an error
due to imperfect
debugging

es y (I)— l

Reduce No. of
errors due to
imperfect debugging
by oney l

El .- El - 1

Print I, t ( i ) .  y ( I )

no I = n n : Specified No. of
observations

END

FIGURE A .l Flow chart of data simulation for

imperfect debugging model
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For sane value RN

—NR ’ A • t
1 — e — RN (A .2)

and hence the simulated value of t~ is given by

— — 

NR•A ~ log(l—RN) . (A.3)

Next , we generate a new random number RN. If this new number

RN -c q , the probability of imperfect debugging , the quantity El

is incremented by 1 and the number of remaining errors remains

unchanged . If RN > q , the number of remaining errors NR is
decreased by 1. An error which occurs next is selected randomly.

For given El and NR the probability that an error due to imperfect

debugging is detected is EI/NR. Hence, if for a still new random

number RN, RN -c EI/NR, then we set y1 — 1 and decrease El by 1.

Otherwise, y1 — 0 • After repeating this procedure n t ime s , we

obtain the simulated data set (t,~~) where t (t1~t2~ ...~ t~ ) and

— (y 19y 2 , . . ., y  ~) .  Table 2.1 shows a data set simulated by this

procedure, where N 50, p = 0 .9 ,  A = 0.1 and n — 45.
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